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Motivation
We perform pore-scale sim-

ulations for low Reynoldsnum-
ber fluid flow through periodic
porous media using SPH to
measure intrinsic permeabil-
ities. The attractiveness of
SPH for this particular pur-
pose stems from the follow-
ing facts: 1. SPH is a mesh-
free method allowing spatial

discretization of arbitrary mor-
phologies with relative ease.
2. Within a suitable al-
gorithmic framework, compu-
tational costs scale approxi-
mately linear with DOFs. 3.
Given a suitable resolution,
SPH is known to produce sta-
ble results for high Reynold-
snumber flows. The latter

allows investigation of non-
Darcy type flows within the in-
terial regime, i.e. where dissi-
pation is not solely due to mo-
mentum interaction between
the solid and fluid phases
and permeabilities can not be
thought of as a purely mor-
phological property.

SPH Methodoloy
Let f : X → Y be a field function of arbitrary rank. The SPH discretization of f reads:

f(x) =
∫

Ω
f(x′)δ(x− x′)dx′ Integral representation

κh

≈
∫

Ω
f(x′)W (xi − xj , h)dx

′ Kernel approximation

< fi >=
∑N
j fjW (xi − xj , h)Vj Spatial discretization

W is Compactly Supported W satisfies Unity condition
limh→0W (x, h) = δ(x)

∫
Ω
W (x, h) dx = 1

Used to transfer spatial differential operators on the kernel, e.g. for ∇:

∇x′f(x) ≈
∫

Ω

∇x′f(x′)W (x− x′, h)dx′  < ∇xifi >= −
N∑
j

fj∇xiW (xi − xj , h)Vj

Navier-Stokes discretization
Field equations are reformulated into

equations for interparticle forces using the
discrete SPH spatial differential operators.
Thus obtained ODEs are integrated in time
using explicit volume-preserving (symplectic)
and time-reversible methods (e.g. Störmer-
Verlet). Particle trajectories further follow
Newton’s equation of motion. SPH is a Mesh-
free Lagrangian Particle Method.

Continuity Equation

%̇ = −%∇ · v

< %̇i > = %i

N∑
j

(vi − vj) · ∇xiW (rij , h)Vj

Conservation of Linear Momentum

v̇ = −1

%
∇p+ µ

%
∇ · (∇v) + fB

< v̇i > =
1

%i

N∑
j

(pi − pj)∇xiW (rij , h)Vj

− µ

%i

N∑
j

vi − vj

|xi − xj |
∂rijW (rij , h)Vj + fB

References
[1] R.E. Larson and J.J.L. Higdon. A periodic grain con-

solidation model of porous media. Phys. Fluids A 1,
38 (1989)

[2] J.P. Morris, P.J. Fox and Y. Zhu. Modeling Low
Reynolds Number Incompressible Flows Using SPH.
J. Comput. Phys. 136, 1 (1997)

[3] D.W. Holmes et.al. Smooth particle hydrodynamics
simulations of low Reynolds number flows through
porous media. Int. J. Numer. Anal. Met. 35, 4 (2011)

[4] J. Bear. Dynamics of Fluids in Porous Media.(1972)

Permeability Measurements
We perform a twofold pa-

rameter sweep with respect
to 3D periodic lattice struc-
tures and porosities φ. Flow
is simulated over a REV with
pointwise periodic BCs ap-
plied to facing surfaces. We
initialize a 403 particle grid
with consolidated spheres be-
ing represented by rigid par-

ticles, i.e. %̇i = 0 and v̇i =
0. Upon application of a
volume-force (equally valued
in all simulations), fluid flow ul-
timately reaches steady-state
and permeabilities are eval-
uted according to Darcy’s law
reformulated and discretized
for volume-force driven flows

reading

kS =
µ

ρfB,z

1

N

∑
i

vzi.

Thus obtained permeabili-
ties are compared to Stokes
flow results [1] and the
Kozeny-Carman estimation
kS = d2

180
φ3

(1−φ)2 [4].
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Discussion
• Good agreements at moderate porosities

(φ ≈ 0.5) with Stokes flow results.
• kS overestimated at high porosities.
→ Possible appearance of flow regimes

inconsistent with Darcy.
• kS overestimated below close touching

limit for FCC structures.

Outlook
• Characterization of different flow regimes

using Dimensional Analysis.
As Re grows: creeping < inertial < unsteady

• Application to compressible fluids.
• Transient permeability estimates.
• Application to heterogeneous samples

using CT-scans.

Benchmarks
Since the Darcy model postulates a

Poiseuille flow in pore channels, we bench-
mark our implementation against a series so-
lution [2] for a volume-force driven flow be-
tween two static parallel plates:
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Series Solution
SPH

A volume-force driven flow through a periodic
array of cylinders [2] is benchmarked against
a FEM solution to check for compliance with
no-slip [3] conditions.


